In this work we prove the necessity of the existence of a density function for a globally asymptotically stable dynamical system.
Introduction
On late 2000 it was proved that the existence of a density function is a sufficient condition for almost global stability (Rantzer, 2001 ). We will first introduce some formal definitions of this concepts. For a dynamical systemẋ = f (x), f τ (x) will denote the trajectory which starts at x considered in time τ . Definition 1.1 We will say that the origin x = 0 is an almost globally stable fixed point for systemẋ = f (x) if f (0) = 0 and almost all trajectories converge to it, i.e.the set {x 0 ∈ R n | lim t→+∞ f t (x 0 ) = 0} has zero Lebesgue measure.
A density function for the given system will be a function ρ : R n − {0} → [0, +∞), of class C 1 , integrable outside a ball centered at the origin and such that ∇.
[ρf ] (x) > 0 almost everywhere with the Lebesgue measure in R n The proof of the main direct result is based on the following Lemma (Rantzer, 2001 ):
is a subset of D for all 0 ≤ τ ≤ t, for a given t. Then
1 IIE -Facultad de Ingeniería, Universidad de la República e-mail: monzon@iie.edu.uy Some potential applications of the density functions to analysis and synthesis of nonlinear control systems are being studied (Rantzer and Parrilo, 2000; Rantzer and Ceragioli, 2001 ). The present work shows the necessity of the existence of density functions for the case of global asymptotical stability.
Main result
As an immediate consequence of Proposition 1 in (Rantzer, 2001) , we have that for an asymptotically stable linear system, which admits a quadratic Lyapunov function V, there exists a density function defined as ρ(x) = [V(x)] −α , with α big enough to ensure both integrability of ρ and positive definition of ∇.(ρ.f ). Nevertheless, for a general nonlinear asymptotically stable system it is not always possible to obtain a density function from a given Lyapunov function. Consider for example the systeṁ
which has the Lyapunov function V(y) = 1 2 y T y but no α can be found to get a density function of the form ρ(y) = [V(y)] −α .
Proposition 2.1 Let the systeṁ
with f ∈ C 2 (R n , R n ) and x = 0 being a globally asymptotically stable fixed point, such that
is a Hurwitz matrix 1 . Then there exists a density functionρ ∈ C 1 (R n − {0}, [0, +∞)) for system (1).
Proof:
We will construct a one to one differentiable function h mapping the trajectories of the nonlinear system to the linear systemẏ = g(y) = −y (2) Figure 1 shows how h is defined. There, The ellipsoid E is a Lyapunov level surface obtained from the local exponential stability, τ is the instant in which the trajectory through x hits the level surface and H is an orientation preserving diffeomorphism mapping the ellipsoid E into the unit sphere S.
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Figure 1: Definition of function h.
So, for every x ∈ R n and every real t such that f t (x) is defined, we have Let us call ρ a density function for the linear system (2), positive definite and such that ∇. [−y.ρ(y)] > 0, a.e.. In a natural way we definē
which is a non-negative function like ρ and differentiable in R n \ {0}, since f is twice differentiable.
We will show that ∇.
[ρf ] (x) > 0 almost everywhere. Let Z be a set whose closure does not contain the origin. We have
Since h is an open function, the outside of a ball centered at the origin is mapped in the outside of another ball centered at the origin, soρ is integrable outside any ball centered at the origin, since ρ is. Lemma 1.1 and equation 4 give 0 <
